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Introduction

Summary

* Measures of diversity within populations, and distance between populations, are
compared for organisms with an asexual or mixed mode of reproduction. Examples
are drawn from studies of plant pathogenic fungi based on binary traits including
presence/absence of DNA bands or virulence/avirulence to differential hosts.

e Commonly used measures of population diversity or genetic distance consider
either genotype frequencies or allele frequencies. Kosman's diversity and distance
measures are the most suitable for populations with an asexual or mixed mode of
reproduction, because by considering genetic patterns of all individuals they take
into account not just the genotype frequencies but also the genetic similarities
between genotypes in the populations.

e The Kosman distance and diversity measures for populations can be calculated
using different measures of dissimilarity between individuals (the simple mismatch,
Jaccard and Dice coefficients of dissimilarity). Kosman's distances based on the sim-
ple mismatch and Jaccard dissimilarities are metrics.

e Comparisons of diversity indices for hypothetical examples as well as for actual
data sets are presented to demonstrate that inferences from diversity analysis of
populations can be driven by techniques of diversity and distance assessments and
not only data driven.

Key words: assignment problem, clustering, genetic diversity, Kosman indices,
plant pathogens, population genetics.
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extent generally exhibit marked linkage disequilibria for
alleles between marker loci. That is, the allele frequencies

In large, randomly mating populations that are in Hardy—
Weinberg equilibrium with little or no linkage disequilibrium,
there is a predictable relationship between allele frequencies at
any given series of marker loci and the observed frequencies
of genotypes defined by those loci. For such populations,
measurements of genetic diversity within or genetic distance
between populations can be based on allele frequencies
without the need to compare genetic similarities between
individual genotypes that make up those populations.
Conversely, species that reproduce asexually to a significant
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in asexual populations generally do not relate directly to
frequencies of specific genotypes within the populations. The
observed genotype frequencies may deviate strongly above or
below their expected frequencies calculated from the products
of the observed frequencies of individual alleles in those
genotypes. For predominantly asexual populations, it is
reasonable to assume that genotypes that are identical at all
marker loci share a common ancestor and that genotypes that
differ in alleles at only one or a few marker loci are more
closely related than genotypes that differ at many loci. To take
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this into account, unconventional measures of genetic diversity
and genetic distance may be needed when populations of
predominantly asexual species are compared.

Many organisms, including plant pathogenic fungi,
undergo asexual or a mixed mode of reproduction. Hundreds
of published research studies have addressed the diversity and
population structure of plant pathogenic fungi, because of the
social significance and economic importance of plant diseases.
Therefore, plant pathogen populations can be considered among
the most suitable models for comprehensive analysis of methods
used to study populations of asexually reproducing organisms.

Various indices of diversity within and distance between
populations are used for comparative analyses of plant pathogen
populations. In many studies, however, the specific diversity
index employed in the analyses appears to have been arbitrarily
chosen without critical attention to its appropriateness for the
type of data to be analysed. Although some recommendations
for assays of genetic variation were proposed by Griinwald
et al. (2003) and limited comparative analyses using different
indices have been attempted (Kosman, 1996, 2003; Manisterski
et al., 2000), there has not been a comprehensive analysis
of the merits of different diversity indices and the conse-
quences of uncritical choices of indices in studies of the types
of populations typically encountered with plant pathogenic
fungi. In examining these issues, we have found that diversity
indices developed for species diversity in ecosystems or for
population diversity of organisms that reproduce only sexually
in randomly mating populations are based on assumptions
that may not apply in comparisons of populations of fungal
species that undergo asexual reproduction in addition to or in
place of sexual reproduction. Furthermore, we found that
employing an inappropriate diversity or genetic distance
estimator can lead to misleading conclusions in studies of
diversity in fungal populations.

Distance based clustering methods proceed by calculating
a matrix of distances between populations followed by any
convenient graphical representation. The following distance
measures have been most frequently used: the Rogers distance
(Rogers, 1972), Nei’s genetic distance (Nei, 1972, 1978), Nei’s
coefficient of differendation (Nei, 1973), the average differ-
ences between populations (McCain ez al, 1992), Kosman’s
distance between populations (Kosman, 1996) and the mean
character difference (Sneath & Sokal, 1973; Long ez al., 1998;
Manisterski et al., 2000). The structure of clusters based on
these different measures will not necessarily be the same for a
given data set. Therefore, the choice of which measure to use
should be justified by the type of data obtained. The main
objectives of this manuscript are to explore potential problems,
to demonstrate how diversity analysis and clustering results
can depend on the approach used, and to consider the bio-
logical rationale for different approaches. We show that notall
diversity and distance measures adequately represent basic
properties of diversity within and distance between popula-
tions, respectively. We use quite simple examples of artificial
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and actual binary data to demonstrate that relationship
between populations based on diversity within and between
them can be driven by the technique of diversity assessment
and not only data driven. The results can easily be extended
to multistate discrete characters (data in any nominal scale).
However, to simplify explanations multistate characters are
not considered in the manuscript. We expect to address the
concept of sampling variance associated with an estimate of
population statistic in a future study.

Types of diversity indices

The following provides a general analysis of relationships
between different diversity indices and explains some properties
of these indices. Application of these indices in a few abstract
examples as well as actual data sets are included to illustrate
how properties of the indices may affect results and
interpretations of the analyses. For convenient reference, all
coefficients and indices mentioned and discussed in the text
are presented together in Appendix A. In the examples, we
express molecular and virulence markers data in binary
characters for presence/absence of DNA bands or virulence/
avirulence of plant pathogens to differential hosts. Virulence
markers used in analyses of genetic diversity in plant pathogens
typically occur in polymorphic gene-for-gene relationships in
which each major gene for resistance in the host plant is
effective only if it is matched by a corresponding gene for
avirulence in the pathogen. The resistance gene is ineffective
if the pathogen is homozygous for the virulence gene at the
corresponding locus. For diversity analyses, a virulent or
avirulent reaction may be regarded as equivalent to the presence
or absence of a band at a specific location in a DNA gel.

Designations and dissimilarity between individuals

Consider a sample from population P and two samples
collected from two populations P, and P,, which consist of
the same number 7 of individuals tested on # differentiating
factors and represented by binary patterns of 1 for positive
response (virulence, presence of a band) and 0 for negative
(avirulence, absence of a band). If the numbers of individuals
in P, and P, are different, then two bootstrapped samples of
the same size, 7, from P, and P, could be considered. We
denote by ¢, ¢,, and ¢,, the frequencies of appearance of 1 at
the 7#th differentiating factor for populations P, P, and P,
respectively. For example, if the differentiating factors
comprise a typical set of differential host lines used in
virulence tests, g would be the frequency of virulence in
population P on the ith differential line. The frequencies of
genotype 7 in populations P, P, and P, are denoted by p,, p;,
and p,, respectively. We denote by p any coefficient of
dissimilarity between two individuals x; and x,, p(x;, x,),
and we compare results from use of the commonly used
dissimilarity measures: simple mismatch coefficient, ,
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Table 1 Diversity and distance measures: basis for calculation, mathematical relationships and applicability

Basis for calculation of estimators Diversity within population

Distance between populations Applicability

Dissimilarity between individuals Average difference (ADW)2b

Kosman diversity (KW)

Nei gene diversity (H)®
Kosman index (K)

Frequencies of differentiating factors

Frequencies of genotypes Simpson index (Si)?
Stoddart index (St)

Shannon evenness index (E)

Shannon normalized index (Sh)

Distance of average differences (DAD)¢ Sexual reproduction
random mating
linkage equilibrium

genotypic diversity?

Kosman distance (KB)d Asexual reproduction
non-random mating
linkage disequilibrium

genotypic diversity?
Mean character differences (MICD)
Nei standard genetic distance (N)
Nei minimum genetic distance (N,,)¢
Nei coefficient of differentiation (Gg;)

Sexual reproduction
random mating
linkage equilibrium

Rogers distance (R)¢ Genotypic diversity

species diversity

2lf genetically different individuals are considered equally distinct (Eqn 6), the average difference within a population (ADW) is equivalent to

the Simpson index (Si) of genotypic diversity (Eqn 8).

PNei's measure of gene diversity per locus (Hs) equals the average difference within a population (ADW) with respect to the simple mismatch
dissimilarity between individuals (Eqn 4), although H was originally defined in terms of frequencies of alleles (differentiating factors).
‘The distance of average differences (DAD) with respect to the simple mismatch coefficient of dissimilarity between individuals equals Nei's

minimum genetic distance (N,,).

dif genetically different individuals are considered equally distinct (Eqn 6), the Kosman distance (KB) is equivalent to the Rogers index (R) of

genotypic distance (Eqn 7).

Euclidean distance, ¢, Jaccard, j, and Dice, 4, coefficients of
dissimilarity (see Appendix Al). A recently developed
measure of dissimilarity between diploid organisms tested
with codominant molecular markers (Kosman & Leonard,
2005) could also be considered.

Classification of diversity indices

Measures of diversity within and distance between populations
may be initially divided into three groups according to sources
of information used for their calculation (Table 1). These
are indices based on: (1) dissimilarity between individuals;
(2) frequencies of appearance of differentiating factors (alleles
or DNA bands); and (3) frequencies of individuals’ genotypes
determined according to a set of differentiating factors. The
first group, based on dissimilarity between individuals, includes
the average difference within (ADW) and between (ADB)
populations (McCain et al., 1992), Kosman’s distance between
(KB) and diversity within (KW) populations (Kosman, 1996;
Manisterski et al., 2000; Schachtel & Kosman, 2002) and the
Miiller index (Mu) of diversity (Miiller ez al, 1996). The
second group, based on factor (allele) frequencies, includes
Nei’s standard genetic distance (/V) and Nei’s minimum
genetic distance (V) (Nei, 1972, 1978), mean character
difference (MCD) (Sneath & Sokal, 1973; Long ez al., 1998;
Manisterski ez al., 2000), Nei’s coefficient of differentiation
(Gyp) and Nei’s measure of the average gene diversity per locus
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(Hy) (Nei, 1973), and Kosman’s index (K) (Manisterski ez 4.,
2000). The third group, based on genotype frequencies,
includes Rogers distance (R) (Rogers, 1972), Simpson’s diversity
index (87 (Simpson, 1949), Stoddarts index (S (Stoddart,
1983; Stoddart & Taylor, 1988), Shannon’s entropy (S5)
(Shannon & Weaver, 1949) and the Shannon evenness
parameter (£) (Sheldon, 1969).

This three-way division of the indices is not absolute. For
example, Manisterski ez 2/. (2000) showed that Miiller’s mean
dissimilarity Mu could be considered an index from the
second group, because it may be expressed by the virulence
frequencies. Moreover, the Miiller index can be considered as
the correction of Nei’s measure of the average gene diversity
per locus H for small samples (Kosman, 2003) due to the
following equalities:

k
2n
My = . (1 —og.
b ;%( )
7 1 ¢
= . 1—02—-(010-=20.)2
n
= - H..
n—1 S

Thus, Nei’s diversity Hg= (1 —1/n)Mu, and it may be
considered an index from the first group. In addition, we will
further show that the Rogers distance and the Simpson
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diversity from the third group and the Nei genetic distance
and Nef’s minimum genetic distance from the second group
may also be represented as indices based on dissimilarity
between individuals (i.e. first group).

Indices of average differences

The indices of average difference within and between
populations can be defined for any measure of dissimilarity
between individuals p. We denote as ADW, and ADB, the
average differences within and between populations with
respect to measure of dissimilarity p:

1 n
ADVVP(P) = — . Z p(xi,xj) and
= Eqn 1

1 n
ADB,(B.P) = — - 21 P(xy;o5)
l,]:

(%, x;; and x,; are individuals from populations P, P, and P,,
respectively). Average differences within and between
populations calculated by the Jaccard (Adhikari ez al, 1999)
and the Dice (Table 3 in Kolmer & Liu, 2000) measures, the
Euclidean distance and the simple mismatch coefficient
(Table 2 in Kolmer & Liu, 2000) may characterize populations
in qualitatively distinct ways, because the sums of dissimilarities
between multiple pairs of individuals will differ when described
by the different measures. For instance, examples can be
constructed in which

Tps) + 78 < J(d3) + 7s9)
but  dy.p;) + dyy.9) > A yyy5) + A yyp),

where j(y;,)5) is the Jaccard dissimilarity between individuals
oy and y5, d(y,,;) is the Dice dissimilarity between individuals
7y and 5, etc. (data not shown). For dominant markers in
diploid or dikaryotic fungi, the simple mismatch dissimilarity
measure is superior to either the Dice or Jaccard dissimilarity
measures for analyses of genetic diversity within populations
or genetic distance between populations of the same species.
For dominant markers, both the Dice and Jaccard measures
ignore similarities between individuals that share the absence
of a dominant trait, whereas both shared presence or shared
absence of the dominant trait are taken into account by the
simple match coefficient (Kosman & Leonard, 2005).

The index of average difference within population ADW,
may be used as measure of diversity within a population
which ranges from 0 to 1 if 0<p <1, and AD\Vp(P) =0if
and only if population P consists of individuals of identical
genotype. By contrast, the index of average difference between
populations ADB_ cannot be used as measure of distance
between populations, because it generally distinguishes between
two identical populations: ADBP(P,P) =ADVVP(P) >0if P
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includes at least two individuals of different genotype. The
distance of average differences between populations DAD,
could be proposed as a correction of ADB, index:

ADW,() + ADW,(P,)
2

DAD,(P,.P,) = ADB,(P,.,) ~
Eqn 2

The problem is that the DAD, index may sometimes take
negative values for certain dissimilarity measures p (E.
Kosman, unpublished). One can prove that the distance of
average differences with respect to the simple mismatch
coefficient DAD, equals Nei’s minimum genetic distance N,
(Nei, 1972). It is always nonnegative, DAD,_(P,,P,) 20, and
P, = P, implies DADp(Pl,Pz) =0. Therefore, DAD,__ for the
simple mismatch coefficient could be used as measure of
distance between populations.

Assessments of distance between populations using among
populations diversity corrected for diversities within popula-
tions were also considered in earlier studies (for Dice dissim-
ilarity, Lynch, 1990; Lynch & Milligan, 1994). However, we
did not find any thorough justification of the validity of the
methods proposed. Therefore, we would not recommend
application of the distance of average differences with respect
to the Jaccard or Dice dissimilarity because there is no proof
yet that values of DAD. and DAD, are always nonnegative.

One can show that the Nei genetic distance between two
populations may be represented in the form

1— ADB,_(P,,P,)

N(P,P,) = ~In—
\ (A — ADW,_ (P))(1 — ADW, (P,))

Eqn 3

This means that the Nei distance can be considered an index
from the first group, and that it is a function of the simple
mismatch dissimilarities between individuals. The first
approximation of the Nei distance is the distance of average
differences with respect to the simple mismatch coefficient:
MN(P,,P,) = ADB_(P,,P,) — (ADW_(P)) + ADW_(P)))/2 =
DAD, (P,,P,). This approximation is more accurate when
values of ADB_(P,,P,), ADW, (P)) and ADW, (P,) are closer
to zero (P, and P, are closely related and quite homogeneous
populations).

As was proved in (Kosman, 2003), Nei’s measure of the
average gene diversity per locus /g and the Miiller diversity
Muwithin population Pcan be expressed by the index of aver-
age differences within population ADW, with respect to the
simple mismatch dissimilarity:

n

-ADW,,(?)
Eqn 4

H(P) = ADW_(P) and MuP) =

n

Thus, the Nei diversity H and ADW_ index are
mathematically identical, calculation of both estimators for a
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data set (for instance, Table 1 in Gale eral, 2002) is a
tautology, and therefore similarity of conclusions from these
two measures does not show robustness of the results.

Kosman assignment based indices

The Kosman distance KB (Kosman, 1996) between two
populations P, and P, of # individuals is defined as follows.
To each individual from P, an individual from P, is matched
so as to minimize the sum of dissimilarities between 7
corresponding pairs of individuals (optimal matching of
individuals with similar genotypes). Finding the best matches
is known as the ‘assignment problem’, and Kosman’s distance
is obtained by dividing the calculated minimum value of the
sum of dissimilarities between matched pairs of individuals
Ass_. (P,,P,) by the number # of matched pairs. If the
numbers of individuals per population are not equal, two
bootstrapped samples of the same size can be derived from the
two populations for comparison. There are 7! possible ways to
match pairs of individuals between populations P, and P,.
When 7 is large, the number of possibilities increases very
steeply. To achieve a workable solution, the ‘assignment
problem’ algorithm provides an approach that eliminates a
certain proportion of possibilities that have no chance of
providing a minimum overall dissimilarity value. Even so, it
is necessary to analyse great numbers of remaining possible
combinations of matched pairs to find the combination that
gives the minimum dissimilarity value.

The following example makes more tangible the method of
calculation of Kosman distance.

Example 1 Consider samples of three individuals each from
populations P, and P, tested on six differentials.

P, P,

1.2 3 4 5 6 1.2 3 4 5 6
a, 1.1 1 1 0 0 by 11 1 1 1 0
aa 1 1 0 1 1 1 b, 01 1 0 0 O
a, 0 1 1 1 1 1 by 0 0 1 0 0 O

According to the simple mismatch coefficient 7, dissimi-
larities between the individuals from these samples are repre-
sented by the following matrix:

m a, a, a,

b, 1/6 2/6 2/6
b, 2/6 5/6 3/6
by 3/6 6/6 4/6

In general, there are 6 (7! for 7= 3) possibilities to match
individuals from P, and P,. The following two groups of
matched pairs result in minimum of the sum of dissimi-
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larities between corresponding pairs of individuals:
A= {(ﬂl,b3),(ﬂ2,bl),(ﬂ3,bz)} and B= {(apbz))(az)bl))(a3)b3)}-
Then Ass, , (P,,P,) = m(a,,bs) + m{ay,b,) + m(az,b,) = m(a,,b,)
+ mlay,b,) + m(a,b;) = 8/6. The most similar pair of indi-
viduals (#;,6,) does not belong to any group of matched pairs,
Aand B. Moreover, pairs (2;,65) from Aand (43, 6,) from Bare
the most dissimilar possible pairs for individuals #; and ,,
respectively. Therefore, an algorithm for solving the ‘assign-
ment problem’ requires analysing a great number of possible
combinations of matched pairs, but not all of them (#!), and
selecting at least one that gives the minimum overall dis-
similarity value. Finally, the Kosman distance between
populations P, and P, equals Ass, , (P),P,)/n=8/18 =4/9.

The Kosman diversity KW (Kosman, 1996) within popu-
lation Pof nindividuals is defined as follows. Individuals from
P are matched to make up 7 pairs so as to maximize the sum
of dissimilarities between the corresponding pairs (optimal
matching of individuals with dissimilar genotypes). Finding
such matches can be realized by the solution of the appropriate
‘assignment probleny’, and Kosman’s diversity is determined
by dividing the obtained maximum value of the sum of dis-
similarities between matched pairs of individuals Ass,_ (P,P)
by the number 7 of matched pairs.

Kosman’s diversity within and distance between populations
can be defined for different measures of dissimilarity between
individuals. We will denote as KBp and KW/p the Kosman
diversities between and within populations with respect to

dissimilarity p:

KB,(BP) = ~ A, (B.Py) and
| n Eqn 5
xw, ) = LA 2p)
n

Kosman’s distance between populations KB is always
nonnegative contrary to the distance of average differences
DAD), which may score negative values for some dissimilarity
measures p. One can prove that if dissimilarity p between
individuals is metric then the Kosman distance between
populations KB is also metric (see Appendix B). This
property of Kosman’s distance may be important for some
applications.

Let us show that the Rogers distance between two populations
P, and P, and the Simpson diversity index can be represented
as indices based on dissimilarity between individuals. Discrete
measure of dissimilarity (discrete metrics) between individuals
x, and x, is defined as follows

8(x,,x,) = {(1), if x, and x, are of different genotypes

if x, and x, are of same genotypes
Eqn 6

Let the numbers of individuals of genotype 7 from populations
P, and P, be 7, and n,, respectively, and sis the total number
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of genotypes in both populations of 7 individuals. Then for a
single differentiating factor the Kosman distance between
populations P, and P, with respect to dissimilarity 8 equals
the Rogers distance between these populations:

As . (PP) 1 1«
KBy(P,,P,) = —min—1=2 =_‘_Z|”1r_”2r
n n 2
Eqn7

1 K3
= EZ|P1r = Py | = RIALP)
r=1

This means that with more than one differentiating factor
the Kosman distance with respect to the simple mismatch
coefficient KB_(P;,P,) (Kosman, 1996) can be considered as
a generalization of the Rogers distance, in which the measure
of similarity between different genotypes is taken into
account. One can prove that min{zn, ,7,} individuals from
population P, are matched to the individuals of genotype
r from population P by the solution of the corresponding
‘assignment problem’ Ass_. (P,P). Thus, the Kosman
distance KB takes into account both the genotypic structure
of populations and the measure of similarity between different
genotypes.

Let 7 be the number of individuals of genotype » from
population P of 7 individuals, and s is the total number of
genotypes in this population. Then the average difference
within population P with respect to dissimilarity & equals the
Simpson diversity index within this population:

1 « 1 +
ADWy(P) = - Z S(xi,xj) = —Zan(n -n)
n* £ n
=1 r=l1

. . Eqn 8
= p(l=p) =12 p} = SiP)
r=1 r=l1

Thus, the Rogers distance and the Simpson diversity, which
were originally defined as functions of frequencies of
genotypes, considered as based on
dissimilarities of individuals with respect to discrete
metrics.

can be indices

Genotype based indices

The Shannon entropy —>!_, . In p, (Shannon & Weaver,
1949) measures diversity within population on the basis of
frequencies of genotypes p, =1, 2, ... , s. Its value ranges
between 0 for a single genotype and Ins when genotypes are
evenly distributed (p, = 1/s for all 7). If the number s of
genotypes increases then the Shannon entropy may tend to
infinity. For convenience, it is possible to normalize this index
in order to make it quantitatively comparable with other
diversity measures, which vary between 0 and 1. There are two
ways to normalize the Shannon entropy. The first one was

proposed by Sheldon (1969) and implies division of the
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Shannon entropy by its maximum value In s for a sample
which comprises the same number s of genotypes. This is the
so-called evenness parameter:

DALY
E(P)= -2l

In s

The second way implies division of the Shannon entropy by
its maximum value In 7 for a sample that consists of the same
number 7 of individuals (in this case 7 is also the maximum
possible number of genotypes for such a sample) (Goodwin
et al., 1992; Andrivon & de Vallavieille-Pope, 1995). We will
call this measure of diversity within populations the Shannon
normalized index:

P ALY
SHP) ==L

Inn

Both evenness and richness aspects of genotypic diversity
are taken into account by this last index because it can be
represented as the product of the evenness and richness
parameters of the population as follows:

zpr In 7, In s In s
SHP) = -1 — . —— = E(P) —

Ins Inn Inn Fan?
where the richness parameter In sAn 7 reflects relative
abundance of the sample. Hence, the Shannon normalized
index is more informative than the evenness parameter, and
therefore we would recommend to use this index for
measuring genotypic diversity. We agree only in part with the
conclusion of Griinwald eral (2003) that scaling the
Shannon entropy by sample size (In 7) should be avoided. This
conclusion is right only in cases in which the maximum
theoretically possible number of genotypes that can be
detected by the technique used to assay for variation is less
than the sample size. For example, if 1000 isolates are tested
on eight binary differentiating factors (virulence/avirulence,
presence/absence of DNA bands) then the maximum
theoretically possible number of genotypes equals 28 = 256.
In this case (similar to simulation parameters considered
by Griinwald ez a/. (2003): 1000 for sample size and 200
for number of genotypes) scaling by sample size may distort
actual diversity assessments because the richness component
In s/In 7 of the Shannon normalized index in equation 9
never reaches its maximum theoretically possible value 1
(In s/In #<1n 256/In 1000 = 0.803). However, a number of
differentiating features used in regular diversity analyses
of plant pathogen populations typically varies from 10 to
30 differential hosts for virulence data and from dozens to
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hundreds band positions for molecular markers, whereas a
number of isolates tested (sample size) does not exceed 1000
and is usually measured in a few dozens or a couple of hundreds.
Then the number of theoretically possible genotypes
(1024 = 210 at least) is considerably larger than sample size,
which allows normalization of the Shannon entropy by
logarithm of sample size.

Similarly the Stoddart diversity index St(P) = /X!, p?,
which ranges between 1 and s< 7, can be normalized in two
different ways: dividing by s and by 7, respectively. The first
index S{P)/s can be considered as evenness parameter,
whereas the second one takes into account both evenness and
richness characteristics of populations because

St(P) _ St(P) '

n S

NI

Genotypic diversity (Shannon, Simpson and Stoddart) and
distance (Rogers) indices usually overestimate actual diversity
within and difference between populations. This bias
becomes more significant for larger number of differentiating
characters and can be explained as follows. In the case of
k binary characters, the number of theoretically possible
genotypes equals 2*. The number of individuals tested, 7, is
limited and considerably less than 2% even for relatively
small values of k. Therefore, it is very likely that nearly
all sampled individuals are of different genotypes (s= n
and p = 1/n for all genotypes r=1,2, ..., 5. In such a case,
both evenness and richness parameters are very close to their
maximum values, which result in high score of genotypic
diversity. Actual population diversity might be much lower
because of possible similarity between overall allelic patterns
of individuals. However, degree of similarity between
individuals is not taken into account by indices based only on
genotype frequencies. Similarly, the Rogers distance may
overestimate actual difference between two populations
because of the high probability that none or a very small
number of individuals in the two populations will have
identical genotypes.

Rationale for choosing diversity indices

What measures of diversity within and distance between
populations are suitable for organisms with asexual and mixed
mode of reproduction (for instance, plant pathogens)? The
choices should take into account that populations with clonal
reproduction may differ from each other in ways that sexual
random mating populations do not.

Basic property of distance measures All indices of distance
between populations should be designed to measure accurately
the differences between genetically distinct populations. If
any index fails to achieve this main goal in comparisons
involving asexual populations, then its applicability for

© The Authors (2007). Journal compilation © New Phytologist (2007) www.newphytologist.org
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asexual populations must be regarded as having limited value
regardless of how well that index measures differences between
sexual random mating populations. It is easy to show that the
Nei genetic distance, NV (Nei, 1972, 1978), mean character
difference, MCD (Sneath & Sokal, 1973; Long et al., 1998;
Manisterski ez al., 2000), Nei’s coefficient of differentiation,
Ggr (Nei, 1973), and the distance of average differences,
DAD,_, do not distinguish between two populations P, and
P, that consist of different genotypes but with identical vector
of frequencies of occurrence of an assigned value of 1 at each
of kdifferentiating factors (for example, virulence frequencies),
ie g, =¢qy foral i=1, 2, ..., & The following example
illustrates this fact.

Example 2 Consider samples of two individuals each from
populations P}, P, and P, tested on six differentials.

P, P, P,
123456 123456 123456
iib1711001 ;5111100 ;110001
hb1710110 i,110011 ig111110

The vector of virulence frequencies is the same for these
samples, and one can calculate that the mean character differ-
ence, MCD, the Nei Nand G, and DAD,_ distances between
these populations equal 0. Therefore, populations P, P, and
P; may be interpreted as ‘identical’ according to MCD, N,
Gy and DAD,  distances, whereas they are composed of differ-
ent genotypes and therefore distinct. By contrast, the Rogers
distance, R, and the Kosman distance, KB, do distinguish
between these populations: R(P,,P) = R(P,,P;) = R(P,,P) = 1,
KB (P,,P,) =1/3, KB, (P,,P;) = 1/6 and KB, (P,,P;) = 1/6.
However, these populations are equally and absolutely different
according to Rogers’ index, which is based on the frequencies
of the genotypes, regardless of how many virulences these
genotypes share. Conversely, the Kosman distance reveals that
populations P, and P are more similar than P, and 2,. In sexual
random mating populations genetic recombination leads to
linkage equilibria, because combinations of alleles are con-
tinually reshuffled so that natural selection and genetic drift
can be said to influence allele frequencies directly. Thus, sexual
populations with similar allele frequencies will also have similar
genotype frequencies. With asexual (clonal) reproduction,
however, natural selection and genetic drift act at the geno-
type (clone) level rather than directly on allele frequencies.
This can generate and maintain linkage disequilibria in which
individual genotypes occur at frequencies significantly greater
or lower than would be predicted from the frequencies of their
component alleles. Therefore, distance measures such as MCD,
N, Gyp, and DAD, | that are calculated from allele frequencies
will nearly always miss a significant part of the genetic differ-
ences that occur between asexual populations.
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Table 2 Aspects of diversity within populations that are expressed by
diversity indices commonly used in population studies

Measures of diversity Aspects of diversity?

Stoddart index (St)

Simpson index (Si)

Shannon entropy

Shannon normalized index (Sh)

(i) Richness
(i) Evenness

Shannon evenness index (E) (i) Evenness

Average difference (ADW)
Nei diversity (Ho)

Kosman diversity (KW)

(iii) Differences between genotypes

(i) Richness

(ii) Evenness

(i) Differences between genotypes
(iv) Deviation of differences

@Aspects of diversity include the following population parameters:
(i) richness = number of genotypes/sample size; (i) evenness of
genotypes distribution; (iii) degree of genetic differences between
genotypes; (iv) deviation of pairwise differences between genotypes
from the average difference between all genotypes.

Aspects (i) and (i) may describe species diversity within communities
or genotypic diversity within species when it is not feasible to quantify
the degrees of dissimilarity between the species or genotypes.
Aspect (iii) alone may sufficiently describe diversity within
populations of sexual random mating species.

Aspects (i), (ii), (iii) and (iv) should be considered in describing
diversity within species in which asexual reproduction produces clonal
lineages and linkage disequilibria.

Basic properties of diversity measures

Plant pathogen populations often exhibit considerable
linkage disequilibrium because of asexual or mixed mode of
reproduction. An optimal index for measuring diversity
within such populations should satisfy several conditions
(Groth & Roelfs, 1987). A population is more diverse and
diversity index is higher if: (i) that population consists of a
larger number of genotypes for a given number of individuals;
(ii) it is characterized by a more even distribution of genotypes;
(iii) the number of differences in virulence between genotypes
within the population is larger.

The Shannon evenness parameter £ satisfies the property
(ii) only (Table 2). The first two properties are fulfilled by
Simpson’s Sz, Stoddart’s S¢ and Shannon’s entropy and nor-
malized S/ diversity indices (Table 2), but they do not satisfy
the third property because the virulence patterns are not taken
into account by these indices. By contrast, the measure of
average difference within populations ADW, the Miiller index
Mu and Nei’s measure of the average gene diversity per locus
H satisfy the property (iii) and do not meet the properties
(i) and (ii) (Table 2) because genotypes are not considered by
these indices. The Kosman diversity KW, is a more com-
plicated index. It takes into account the contribution of
dissimilarity among individuals to the diversity within a
population, not only the relative frequencies of different

genotypes like S, Sz and Sh indices. In addition, the KW,
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index considers a population as a set of different genotypes
with possibly associated virulences/avirulences and does not
characterize a population by an independent set of virulence
frequencies in contrast to ADW, Mu, H and Kindices. The
properties (i) and (ii) are not generally compelling by the
Kosman diversity KW . The extent of dissimilarity among
individuals contributes considerably to the diversity within a
population. The following example demonstrates why Kosman’s
diversity KW,_is preferred over other indices in accounting for
multiple aspects of diversity within a population.

Example 3 Consider samples of four individuals each from
populations P, and P, tested on four differentials.

P1 PZ
12 3 4 1 2 3 4
iy 1 0 0 0 iy 1 1 0 0
ihb 0 1 0 0 ik, 0 1 0 0
b 0 0 1 0 i, 0 0 0 1
i, 0 0 0 1 s 1 0 0 1

Populations P, and P, are considered as equally diverse by
the following estimators: Si=3/4, Sh=In(4)/In(4) =1,
ADW, = H = 3/8, Mu= 1/2 are equal for both populations.
By contrast, population P, is more diverse than P, according
to Kosman’s measure: KW_(P)) = 1/2 and KW_(P,) = 3/4.

This example demonstrates that the three properties (i), (ii)
and (iii) of an optimal diversity index are not enough to
distinguish between population diversities. The number of
genotypes in each of two populations P, and P, is equal (four),
the genotypes are evenly distributed within each population
(genotype frequencies equal 1/4) and average dissimilarity
between genotypes (individuals) equals ADW, = 3/8 for both
populations. Nevertheless, the Kosman KW _ index distin-
guishes between diversities of these populations. It could be
explained by the absolute deviation of pairwise dissimilarities
from the average dissimilarity:

n

s(P) = Lz - Z‘m(xi,xj) — ADW,_(P)

7

Eqn 10
iyj=1

(% and x; are individuals from population P of 7 individuals).
In our case s(P) = 3/16 is less than s(2,) = 1/4, and this is a
reason why population P, can be considered as more diverse
than population P,. Therefore, it could be reasonable to
supplement three properties of an optimal diversity index by
adding the following fourth property. A population is more
diverse and diversity index is higher if: (iv) deviation of
pairwise differences between genotypes (individuals) from the
average difference is larger.

The next example demonstrates that effects of conditions
(i)—(iv) on diversity within populations may compensate each
other if they counteract.
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Example 4 Consider samples of four individuals each from
populations P, and P, tested on four differentials.

P, P,

1 2 3 4 12 3 4
i 1 0 0 1 is 1 1 0 0
b 1 1 0 0 is 1 1 0 0
b 0 1 1 0 i, 0 0 1 1
ipb 0 0 1 1 sy 0 0 1 1

The vector of virulence frequencies is the same for the
both samples, and therefore, all diversity indices based just on
virulence frequencies do not distinguish between diversities
within populations P, and P,. On the other hand, according
to the Simpson and the Shannon normalized indices, which
are based just on genotype frequencies, population P is
considered as more diverse than population P, (Si(P,) = 3/4,
S{P) =1/2) and Sh(P)) =In(4)/In(4) =1, SK(P,) =In(2)/
In(4) = 1/2) because of the larger number of genotypes in P,
(four) compared with P, (two) and even distribution of
genotypes in both populations. This means that property (i)
was the crucial one for making decision because condition (ii)
is satisfied for the both populations P, and P,, and properties
(iii) and (iv) are irrelevant for Simpson’s and Shannon’s indices.

The Kosman diversity KW, equals 1 for both populations
(i.e. P, and P, are considered as equally diverse). This could
be explained as follows. The average differences between
isolates are equal for the both populations, ADW, =1/2,
whereas the absolute deviation (Eqn 10) is less for population
P, (P,) = 1/4 and «(P,) = 1/2. Thus, populations P, and P,
are of similar characteristics with respect to the conditions
(i) and (iii), but characterizations of these populations by
properties (i) and (iv) are of opposite tendency. The greater
number of different genotypes in population P, increases its
level of diversity compared with P,. However, the measure of
variance between isolates is less for population P,. Therefore,
the former effect is compensated by the latter one, which leads
to the supposed equal diversity within these populations.

Correlation of results from different types of indices

Different measures of diversity within and distance between
populations were applied for analysis of Israeli populations
of wheat leaf rust, caused by the fungus Puccinia triticina
(Manisterski et 4/, 2000; J. Manisterski, unpublished data). The
sexual stage of P triticina occurs on alternate hosts in the genus
Thallictrum, which do not occur in Israel but do occur in the
Iberian peninsula and in Eastern Europe. Thus, P #iticina
reproduces only asexually within Israel, but some level of
migration of P sriticina into Israel may occur from sexually
reproducing populations in Europe. Dozens of isolates were
collected annually during 1993-2002 and tested on a set of
15 differendials, and the corresponding virulence patterns

© The Authors (2007). Journal compilation © New Phytologist (2007) www.newphytologist.org
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were arranged in two-way data tables of Os (avirulence) and 1s
(virulence). Diversities within 10 annual collections of leaf
rust isolates and distances between them were calculated using
the KOIND package (Schachtel & Kosman, 2002). The
results are presented in the following examples 5 and 6.

Example 5 Comparison of different measures of diversity
within populations.

Diversity within 10 populations of leaf rust isolates was
estimated by all indices mentioned in Appendix A, A2. The
corresponding values for all possible pairs of diversity indices
were plotted one vs. another using the MXPLOT program of
NTSYSpc package, version 2.1 (Exeter Software, Setauket,
NY, USA). The results for three diversity measures of different
nature (Kosman’s diversity within population, KW, Nei’s
measure of the average gene diversity per locus, A, and the
Shannon normalized index of diversity, S/) are presented in
Fig. 1. Rather strong correlation (r=0.943) was observed
between values of the Kosman and Nei diversity indices
(Fig. 1a). Note, however, that the rank order of least diverse to
most diverse was not exactly the same for the Kosman and Nei
diversity indices. Results from the Shannon’s index were not
correlated with those from either the Kosman (Fig. 1b) or Nei
(Fig. 1¢) diversity indices. Similar results were obtained when
the Kosman diversity within population (KW) was compared
with another Kosman’s index (K), which is based only on
virulence frequencies like the Nei (H) index, and with the
Simpson (87) and Stoddart (S%) indices, which are based only
on genotype frequencies as is the Shannon normalized index
(8h). Weak correlation was observed between an index based
only on virulence frequencies (K or Hy) and an index based
only on genotype frequencies (Sh, S or S7). Conversely, the
indices of the same nature were strongly correlated. Thus,
different measures can result in qualitatively unlike descrip-
tions of diversity within populations, especially if they are of
different nature. As expected for genotypic diversity measures,
the Shannon normalized index (S4) is biased towards high
values (Fig. 1b,c).

Example 6 Comparison of different measures of distance
between populations.

Distance between all possible pairs of 10 populations of
leaf rust isolates was estimated by all indices mentioned in
Appendix A, A3. The values for all possible pairs of distance
indices were plotted one versus another using the Mxcomp
program of the NTSYSpc package, version 2.1 (Exeter Software),
which also provided the corresponding values of Mantel test
correlation between different indices. The results for three
distance measures of different nature (Kosman’s distance
between populations, KB, Nei’s genetic distance, /V, and the
Rogers distance, R) are presented in Fig. 2. Rather strong
correlation (7= 0.951) was observed between values of the
Kosman and Nei distances (Fig. 2a). Note, however, that in
some cases the rank order for pairs of populations according
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Fig. 1 Comparisons of measures of diversity within 10 annual
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populations of the wheat leaf rust fungus Puccinia triticina collected
during the period 1993-2002 and tested for virulence on a set of 15
differentials: (a) the Kosman diversity KW vs Nei's measure of the
average gene diversity per locus Hg; (b) the Kosman diversity KW vs
the Shannon normalized index Sh; (c) Nei's measure of the average
gene diversity per locus Hg vs the Shannon normalized index Sh.
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Fig. 2 Comparisons of measures of distance between all possible
pairs of 10 annual populations of the wheat leaf rust fungus Puccinia
triticina collected during 1993-2002 and tested for virulence on a set
of 15 differentials: (a) the Kosman distance KB vs the Nei genetic
distance N; (b) the Kosman distance KB vs the Rogers distance R; (c)

the Rogers distance R vs the Nei genetic distance N.
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to distance between them differed considerably between the
Kosman and Nei distances. For example, one pair of popula-
tions was considered more distant than 23 other pairs by the
Nei index, but more distant than only nine other pairs by the
Kosman index. A discrepancy of this magnitude could produce
a significant distortion in cluster analyses for the populations.
Rather strong correlations also were obtained when the
Kosman distance (KB) was compared with the mean charac-
ter difference (MCD) and Nei’s coefficient of differentiation
(Ggp), which are based only on virulence frequencies as is the Nei
distance (V). Results from Rogers distance (R), which is based
only on genotype frequencies, were only weakly correlated with
those from either the Kosman (»=0.712) or the Nei (= 0.619)
distances. Weak correlation also was observed between Rogers’
distance (R) and the group of indices that are based only on
virulence frequencies (MCD, N and Ggyp). By contrast, the
indices of the same nature (MCD, Nand Gg) were strongly
correlated. Thus, different measures can result in qualitatively
unlike descriptions of distance between populations, especially
if they are of different nature. As expected for genotypic indices,
the Rogers distance (R) is biased towards high values (Fig. 2b,c).

Genetic diversity within and between populations is a
function of gene and genotypic structure of populations.
Consequently, variance of any genetic population parameter
can partly be explained by variability of the corresponding gene
and genotypic parameters. The last two are not independent,
and it seems that gene structure of populations may have a
much stronger impact on genetic estimators than genotypic
one has. Therefore, high level of correlation observed between
genetic and gene parameters in Examples 5 and 6 (KWvs Hj
diversity (r=0.943) and KBvs Ndistance (= 0.951), respec-
tively) was expected. This means that about 90% (%) of the
variance of genetic diversity within and between the annual
populations of wheat leaf rust can be explained by the variation
in corresponding gene estimators. If the P #iticina popula-
tions in Israel reproduced sexually with random mating, the
Kosman and Nei diversities and distances would be even more
highly correlated, because the Nei indices assumes linkage
equilibrium which typically results from random mating. In
asexual populations, however, lack of genetic recombination
causes even selectively neutral genes to increase or decrease in
frequency in response to average differences in relative fitness
of the genotypes in which the neutral alleles happen to occur.
Thus, in asexual populations small enough to be affected by
genetic drift or in asexual populations exposed to fluctuating
environmental conditions from generation to generation, lack
of genetic recombination is likely to result in at least some
genetic disequilibria even between selectively neutral alleles at
different loci.

Example 6 demonstrated that despite strong correlation
between distance measures of different types the rank order for
pairs of populations according to distance between them may
differ considerably. The following example shows that a similar
effect may occur even for distance measures of the same type.
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Fig. 3 Comparison of Nei's genetic distance N and Rogers’ modified
genetic distance RG between Apiosporina morbosa populations
isolated from 15 geographic regions (Zhang et al., 2005).

Example 7 Comparison of distance measures based on allele
frequencies.

Zhang et al. (2005) used the sequence-related amplified
polymorphism (SRAP) technique to determine genetic
diversity and population structure of Apiosporina morbosa on
Prunus spp. Resemblance of the pathogen populations collected
from 15 geographic locations was assessed on the basis of allele
frequencies at 58 SRAP loci (two alleles corresponding to
presence and absence of bands were considered at each puta-
tive locus). The Rogers modified genetic distance coefficient
(Wright, 1978) and the Nei genetic identity (Nei, 1972) were
calculated for all possible pairwise comparisons among 15
populations (Table 3 in Zhang ez al., 2005). We calculated the
Nei standard genetic distance (V) between the populations as
a function of Nei identity, and the values of NV were plotted
versus the corresponding values of Rogers modified genetic
distance (RG) as in Example 6 (Fig. 3). Despite relatively strong
correlation (7= 0.897) between the indices, in some cases the
rank order for pairs of populations according to distance
between them differed considerably between the Nei and
Rogers modified genetic distances. For example, among total
105 pairs of populations one pair was considered more distant
than 93 other pairs by the Rogers genetic distances, but more
distant than only 40 other pairs by the Nei index. By contrast,
another pair of populations is more distant than only 11 other
pairs by the Rogers genetic distances, but more distant than
34 other pairs by the Nei index. A discrepancy of this magni-
tude could produce a significant distortion in cluster analyses
for the populations.

Conclusions

We compared different methods of diversity analysis of
populations with asexual or mixed mode of reproduction
(Table 1). Relationships between the diversity indices of different
types are generally unpredictable, and different measures of
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diversity within and distance between populations may result
in qualitatively different inferences. Even if correlation between
distance indices is strong, the rank order for some pairs of
populations according to distance between them may differ
considerably, which could affect results of cluster analysis.
Although we considered only examples with plant pathogens,
our results are relevant for other organisms, including higher
plants that have an asexual or mixed mode of reproduction.

Kosman’s distance between populations and diversity
within population (Eqn 5) are the only diversity indices that
take into account both the genotypic structure of populations
and measure of similarity between different genotypes. There-
fore, they are more suitable and informative than gene diversity
and distance indices based only on gene frequencies for ana-
lysing populations that exhibit a significant degree of linkage
disequilibrium. The Kosman distances with respect to the
simple mismatch coefficient and the Jaccard dissimilarity are
metrics. This means that they always yield a positive value for
difference between distinct populations and satisty the trian-
gle inequality (see Appendix B), which may be important for
some clustering procedures. The Shannon, Simpson and
Stoddart diversity indices and Rogers distance are appropriate
for comparisons of species diversity within or between ecological
units when it is not feasible to quantify degrees of difference
between species. These measures are also suitable when only
genotypic structure of populations is studied. However,
genotypic diversity and distance measures may be excessively
biased towards high values when comparing with the corre-
sponding genetic and gene parameters.

Nei’s measure of the average gene diversity per locus
(Nei, 1973), the index of average difference within population
(Eqn 1) with respect to the simple mismatch dissimilarity
(McCain ez al., 1992) and the Miiller diversity index (Miiller
et al., 1996) are in fact the same measure of diversity within
populations (Kosman, 2003). The distance of average differ-
ences (Eqn 2) with respect to the simple mismatch coefficient
equals the Nei minimum genetic distance (Nei, 1972). The
Nei standard genetic distance (Nei, 1972, 1978) is a function of
the indices of average difference within and between popu-
lations with respect to the simple mismatch coefficient (Eqn 3).
All of these measures, which are based on allele frequencies or
can be derived from allele frequencies as well as from average
differences between genotypes, are suitable measures of diver-
sity in populations of species with sexual random mating. For
reasons described herein, however, these measures generally
provide an incomplete representation of genetic diversity in
species with asexual or mixed mode of reproduction. The
Kosman indices of distance between populations and diversity
within populations are designed to overcome this limitation.

Note

Software for calculating Kosman’s diversity indices and some other
g
population parameters is free and available from the first author.
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Al Consider binary response patterns of two individuals x; and x, on a set of 4 factors. Denote 2= number of factors with

positive response for the both individuals, 4= number of factors where x; and x, respond positively and negatively, respectively,

and ¢= number of factors where x; and x, respond negatively and positively, respectively.

Measures of similarity/dissimilarity between individuals

Coefficient Symbol Formula

Jaccard coefficient of similarity J J(xyxy) =alla+b+c)
Jaccard coefficient of dissimilarity li jOq.x5) =1 = J(x4,%5)
Dice coefficient of similarity D D(x,.x,) =2a/(2a + b +c)
Dice coefficient of dissimilarity d d(x,,x,) =1 =D(x;,X,)
Simple match coefficient M M(x,,x,) = (k =b —)/k
Simple mismatch coefficient m m(x,.X,) =1 = M(x,;,X5)
Euclidean distance e e(xy,x,) = (b + )12

A2 Consider a sample collected from population P, which consists of 7 individuals x;, x), ...

, x_ tested on k differentiating

factors and represented by binary patterns. We denote by ¢; the frequency of appearance 1 at the 7th differentiating factor, 7= 1,
2, ..., k. The number of individuals and frequency of genotype r in population P are denoted by 7 and p, r=1,2, ..., s,
respectively, where s is the number of different genotypes in P. The measure of dissimilarity between individuals is denoted by
p (see Al, where different measures p = j, 4, m or eare explained).

Measures of diversity within population

Index Symbol Formula/reference

Average distance within ADW AD Wp(P) =Y p(x,,x/)/nz, 1<i,j<n

Kosman diversity within KW KW (P) = AssP (PP)/n

Kosman index K K(P) =X min[2q,2(1 — g)l/k, 1 <i<k

Mdiller index of diversity Mu MuP) =3, m(xi,xj)/[n(n -1/2],1<i<j<n
(Mdiller et al., 1996)
Mu(P) =[2n/(n - DIZ (1 —g)/k, 1<i<k
(Manisterski et al., 2000)

Nei measure of gene diversity Hs Hg(Py=X11-q? = (1- g)*Vk 1<i<k

Simpson index Si SiPy=1-3p? 1<r<s

Stoddart index St SHP)=1VEp?, 1<r<s

Shannon evenness parameter E EP)=—X p,Inp)/Ins, 1<r<s

Shannon normalized index Sh Sh(Py==Z p,Inp)/Inn,1<r<s
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A3 Consider two samples collected from two populations P, and P,, which consist of the same number 7 of individuals x;,
Xy oo Xy, and Xy, X5, ..., Xy, Tespectively, tested on £ differentiating factors and represented by binary patterns. We denote
by ¢,; and ¢,. the frequencies of appearance 1 at the ith differentiating factor for populations P, and P,, respectively. The
frequencies of genotype 7 in populations P, and P, are denoted by p,, and p, , respectively, r=1, 2, ... , s, where sis the total
number of different genotypes in both populations. The measure of dissimilarity between individuals is denoted by p (see Al,
where different measures p =, 4, m or eare explained).

Measures of diversity between populations

Index Symbol Formula/reference
Average distance between ADB ADB,(P,,P,) = % p(x;,xy)/n?, 1<, j<n
Distance of average differences DAD DADP(P1 P,y) = ADBP(P1,P2) -
[ADW,(P,) + ADW,(P,)1/2
Kosman distance KB KB (P,Py) = Assh. (PP)/n
Mean character difference MCD MCD(P,,Py) =Xl qq; = Gy Ik, 1< i<k
Nei genetic distance N * (Nei, 1972, 1978)
Nei minimum genetic distance N * (Nei, 1972)
Nei coefficient of differentiation Ger * (Nei, 1973)
R

Rogers distance R(P,Py) =3Py =Py 112, 1Sr<5s

*Refer to reference for explanations and formula.

Appendix B

Let us consider any set X and any nonnegative function p determined for each ordered pair of elements from X. This function
p is called metric if the following properties are fulfilled for all elements x;, x, and x; from X:
1 p(xx) 20, and p(x;,x,) = 0 if and only if x; = x,.
2 p(xp,x,) = plxy,x,).
3 The triangle inequality p(x;,x,) + p(xy,55) = p(x;,5).
The function p is called pseudo-metric if property 1 is replaced by
la. p(x;,%,) 2 0, and x; = x, implies p(x;,x,) = 0.
Therefore, in the case of pseudo-metric it is possible that x; # x, but p(x;,x,) = 0.
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